Abstract. Inspired by the principle of local reflexivity, due to Lindenstrauss and Rosenthal, a new geometric property of Banach spaces, the extendable local reflexivity, was recently introduced by Rosenthal. Johnson and Oikhberg proved that the extendable local reflexivity permits lifting the bounded approximation property from Banach spaces to their dual spaces. It is not known whether the extendable local reflexivity permits lifting the approximation property. We prove that it does whenever the space is complemented in its bidual. This involves the concept of the weak bounded approximation property, introduced by Lima and Oja.
Introduction
Let X be a Banach space and let I X denote the identity operator on X. If I X can be uniformly approximated on compact subsets of X by finite-rank operators, then X is said to have the approximation property. If there exists λ ≥ 1 such that I X can be approximated by finite-rank operators of norm ≤ λ, then X is said to have the λ-bounded approximation property. The metric approximation property is the 1-bounded approximation property. If X has the λ-bounded approximation property for some λ ≥ 1, then X is said to have the bounded approximation property.
Recently, a new geometric property of Banach spaces -the extendable local reflexivity -was discovered by Rosenthal and studied by Johnson, Oikhberg, and Rosenthal in [8] and [15] . As was shown by Johnson and Oikhberg [8] , this property permits lifting the bounded approximation property from a Banach space to its dual space. Recall the relevant notions and result.
Let X be a Banach space and let 1 ≤ λ < ∞. Following [15] , we say that X is λ-extendably locally reflexive if for all finite-dimensional subspaces E ⊂ X * * and F ⊂ X * , and for all ε > 0, there exists a bounded linear operator T : X * * → X
The proof of Theorem 1.2 involves the weak bounded approximation property (see Section 2 for the definition). This property was recently introduced and studied by Lima and Oja in [12] . In fact, in Section 3, we shall prove the following lifting theorem, which is the main result of this article.
Theorem 1.3. If a Banach space X is extendably locally reflexive and has the weak bounded approximation property, then X
* has the approximation property.
Since the approximation property and the weak bounded approximation property are equivalent for Banach spaces that are complemented in their biduals (see [12] or Theorem 2.1 below), Theorem 1.2 is immediate from Theorem 1.3. We do not know whether Theorem 1.2 could be proven in a direct way, without relying on the weak bounded approximation property.
The notation we use is standard. We consider Banach spaces over the same, either real or complex, field K. Let X and Y be Banach spaces. We denote by L(X, Y ) the Banach space of bounded linear operators from X to Y and by F(X, Y ) and K(X, Y ) its subspaces of finite-rank and compact operators. We shall always consider X as a subspace of X * * , identifying the canonical embedding j X : X → X * * with the identity embedding. The closed unit ball of X is denoted by B X , and the closure of a set A ⊂ X is denoted by A.
2.
The weak bounded approximation property and auxiliary results 2.1. Let 1 ≤ λ < ∞. Following [12, Theorem 2.4], we say that a Banach space X has the weak λ-bounded approximation property if for every separable reflexive Banach space Y and for every operator T ∈ K(X, Y ), there exists a net (S α ) ⊂ F(X, X) such that sup α T S α ≤ λ T and S α → I X uniformly on compact subsets of X. We say that X has the weak bounded approximation property if X has the weak λ-bounded approximation property for some λ.
The λ-bounded approximation property implies the weak λ-bounded approximation property. This is obvious from the definitions. It is not known whether the weak λ-bounded approximation property implies the λ-bounded approximation property. It is conjectured in [12] that the weak λ-bounded and the λ-bounded approximation properties are, in general, different. If they were equivalent, then a long-standing open problem (see, e.g., [1, page 289]) would have a positive answer: the approximation property of (nonseparable) dual spaces would imply the metric approximation property (see Theorem 2.1 below.)
The weak bounded approximation property clearly implies the approximation property (take T = 0 in the definition). The converse is not true in general (see [12] or [17] for examples). The converse is true for Banach spaces that are complemented in their biduals, as proven in [12] . More precisely, the following holds. Theorem 2.1 (Lima-Oja) . Let a Banach space X be complemented in its bidual X * * by a projection P . If X has the AP, then X has the weak P -BAP.
Since our Theorem 1.2 relies on Theorem 2.1, for completeness, we shortly comment on its argument. Let Y be any reflexive Banach space and let X ⊗Y * be the projective tensor product. The first step of the proof of Theorem 2.1 (see [12, Corollary 3.3] ) consists in showing that u π ≤ P V u , u ∈ X ⊗Y * , where · π is the projective norm (see Section 2.2 below) and
* is the trace mapping. This step uses canonical identifications of X ⊗Y * as the Banach space of nuclear operators N (Y, X) and of (F(X, Y )) * as the Banach space of integral operators I(Y, X * * ) (see [6] or, e.g., [3] ). The weak P -bounded approximation property is then deduced in two more complicated technical steps (see [12, [2] due to Lima, Nygaard, and Oja [11] . One also uses the description of the dual of L(X, X) in the topology of uniform convergence on compact subsets of X (see [6] or, e.g., [14, page 31]).
2.2. Let X and Y be Banach spaces. Recall that the projective tensor product X ⊗Y has a simple description due to Grothendieck [6] (see, e.g., [3, page 227]): every u ∈ X ⊗Y has a representation
(the series is (absolutely) converging for the projective norm · π ). Moreover,
where the infimum is taken over all representations of u of the form ( * ). 
The dual space of X ⊗Y can be isometrically identified with L(Y, X * ) under the duality

A,
, where L(X, X) is considered as a subspace of L(X, X * * ). Since then I X identifies with j X , this means that
.
Lemma 2.3. Let X and Y be Banach spaces. Then the weak* closures of F(X, Y ) and of F(X, Y
This means that every u ∈ Y * ⊗X that vanishes on all 1-rank operators x * ⊗ y * * ∈ F(X, Y * * ) also vanishes on A.
By assumption, this implies that
3. Proof of Theorem 1.3
Let X be a Banach space. We assume that X is λ-extendably locally reflexive and has the weak µ-bounded approximation property for some λ and µ ≥ 1. We will prove that X * has the approximation property. According to Lemmas 2.2 and 2.3, we need to show that
The idea of the proof is to construct a functional f ∈ (X * * ⊗X * ) * in such a way that if ϕ is the operator from L(X * , X * * * ) canonically corresponding to f , then ϕ ∈ F(X * , X * * * ) w * and j X * = ϕ. Let us consider the set of all ν = (E, F, G, ε) , where E ⊂ X * * , F ⊂ X * , and G ⊂ X * * ⊗X * are finite-dimensional subspaces, and 0 < ε < 1, directed in the natural way.
Since X is λ-extendably locally reflexive, there exists an operator
Since B G is a compact subset of X * * ⊗X * , by a well-known representation theorem due to Grothendieck [6 we consider, for all u ∈ X * * ⊗X * , the net (u ν ) ν ⊂ K defined by u ν = trace (S
